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1 Introduction

Throughout this paper all rings are considered to be commutative with identity and all modules
are unitary.

Let M be an R-module. A proper submodule N of M is said to be a prime submodule of
M, if the condition ra € N, r € R and a € M. implies that a € N or rM C N.

Recall that (N : M) = {r € R|rM C N}.If N is a prime submodule of M and P = (N :
M), we say that N is a P-prime submodule of M. It is easy to see that P is a prime ideal of R
(see, for example, [1], or [2]).

A prime submodule N of a module M is called a minimal prime submodule over a submodule
K of M, if K C N and there does not exist a prime submodule L of M such that K C L C N.

If n is a non-negative integer, and for each integer i, 0 <+ < n, N; is a prime (or P-prime)
submodule of M, then the chain

N, C---C Ny C Ny C DNy
is called a chain of prime (P-prime) submodules of length n. Also if N is a prime submodule
of M then by the height (or P-height) of N, which is denoted by ht N, (or htp N,) we mean
the height of a chain of prime (P-prime) submodules of M, such as above, for which Ny = N
such that there does not exist a chain of greater length with this property.

It is said that the principal ideal theorem (PIT) holds for M, if for every prime submodule
N of M minimal over a cyclic submodule, ht N < 1.

We say that the generalized principal ideal theorem (GPIT) holds for M, if for every positive
integer n and every prime submodule N of M minimal over a submodule generated by n
elements, ht N < n.

2 Some Remarks on Prime Submodules

Lemma 2.1 Let M be an R-module, N a submodule of M and S a multiplicatively closed
subset of R.

i) If N is a P-prime submodule of M such that PN S = (), then SN is an S™'P-prime
submodule of ST*M as an S~'R-module, and (ST'N)N M = N.

ii) If T is a Q-prime submodule of ST*M as an S~'R-module, then TNM is a QN R-prime
submodule of M, STY (T N M) =T, and (QNR)N S = .
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Proof See [3, Proposition 1].

Corollary 2.2 If N is a prime submodule of an R-module M such that (N : M)N S = 0,
then ht N =ht SIN.

Proof The proof is straightforward by Lemma 2.1.

Lemma 2.3 A proper submodule N of an R-module M is a prime submodule of M if and
only if for every r € R, the natural homomorphism f, : % — Mt (m+ N)=rm+N, is

N
one-to-one or zero.
Proof The proof is easy (see [4, p. 273]).
Theorem 2.4 Let F be a flat R-module and N a prime submodule of an R-module M. If
F ® N is a proper submodule of F @ M, then F ® N is a prime submodule of F'® M.

Proof Since F is a flat R-module, then F' ® % = l;%% Let r € R and the natural homomor-
phism f, : & — W’ fr(m + N) = rm + N, be zero. We, obviously, observe that the natural
homomorphlsm gy F® — F® % defined by ¢, (f®(m+N)) = f®(rm+ N), is zero. Thus,
.the natural homomorphism h, ?g% — Igg%, given by h,.((f@m)+FQN) =r(f@m)+FQN,
is zero.

When the homomorphism fr N % is a monomorphism, then since F is a flat R-module,

the homomorphism g, : F ® W - F® N is a monomorphism. Thus the homomorphism

hr % — I;‘g% is a monomorphism. Hence by Lemma 2.3, F'® N is a prime submodule of
F® M.

Proposition 2.5 Let F' be a faithfully flat R-module and N a submodule of an R-module M.
Then N is a prime submodule of M, if and only if F ® N is a prime submodule of F @ M.

Proof Let N be a prime submodule of M and F ® N = F @ M. Therefore, 0 — F @ N —
F® M — 0 is an exact sequence, and since F' is a faithfully flat R-module, then 0 — N —
M — 0 is an exact sequence. Hence, N = M, which is absurd. So F ® N # F ® M. Now, by
Theorem 2.4, FF ® N is a prime submodule of F'® M.

Conversely, suppose that F'® N is a prime submodule of F'® M. We have, FQN #* FQ M
and, obviously, N # M. Since F is a flat R-module, F® % 2 ?g% By Lemma 2.3, the natural

homomorphism h,. : ?g% — %, defined by h.((f@m)+ FON)=r(f@m)+ F®N, is

: % — Igg% is zero then the homomorphism g, : F'® % - F® %,
defined by ¢.(f ® (m+ N)) = f & (rm + N), is zero. If we consider f, : % — %, given by
fr(m+N)=rm+ N, then 0 = g,(F ® &) = F ® f.(%). Now, since F is faithfully flat, then
fr(35) =0, that is f, = 0. If h, : % — ?g% is a monomorphism, then g, : F® 4 — Fe il
is a monomorphism and again, since F' is faithfully flat, f, : % — % is a monomorphism.
Therefore, N is a prime submodule of M, by Lemma 2.3.
Corollary 2.6 i) Let F be a flat R-module and I a prime ideal of R. If I[IF # F, then IF is
a prime submodule of F.

i) If F is a faithfully flat R-module, and I is an ideal of R, then I is a prime ideal of R if
and only if I'F is a prime submodule of F.
Proof Having that IF =2 F ® I, we put M = R. Now, the proof is clear by Theorem 2.4 and
Proposition 2.5.

one-to-one or zero. If A,

Proposition 2.7 For a ring R the following statements are equivalent:
i) The PIT holds for every finitely generated R-module.
i) For every prime ideal P of R, the PIT holds for any finitely generated ——module.
iii) For every prime ideal P of R, the GPIT holds for any finitely genemted F-module.
iv) The GPIT holds for every finitely generated R-module.

Proof 1) = ii) Let B be a cyclic submodule of a finitely generated %—module M and let N be
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a minimal prime submodule of M over B. It is obvious that N is a minimal prime submodule
over the cyclic submodule B of M as an R-module. So, ht N < 1 as an R-submodule of M

and, obviously, ht N <1 as an I—;—submodule of M.
il) = iii) Since % is an integral domain, the proof is completed by [5, Proposition 18].
ili) = iv) Let M be a finitely generated R-module, B be a submodule of M, which is
generated by n elements, and let N be a minimal prime submodule over B. If ht N > n, then

there exists a chain of prime submodules of M,
Npty1 CN, CNy_1 C---C Ny CNyg=N.

Let (Np41 : M) = P. One can easily check that ]\Cr - is a minimal prime submodule over the

Ny,
%ﬁ“, which is generated by n elements in the finitely generated %—module NM+ -.

ees N . . . Npt1 N, Nyp_1 N-
So, by iii), ht Nort < n. Now by considering the chain Mo C N Ny C o C Nnil C

submodule

N_ of prime submodules, we get a contradiction.
Not1
iv) = i) The proof is clear.

Lemma 2.8 If R is a Noetherian domain, then the PIT holds for every finitely generated
R-module if and only if R is a Dedekind domain.

Proof See [5, Theorem 13].

Proposition 2.9 i) Let R be a Noetherian ring. Then the GPIT holds for every finitely
generated R-module if and only if, for every prime ideal P of R, % is a Dedekind domain.

i) If R is a ZPI-ring, or an almost multiplication ring, then the GPIT holds for every
finitely generated R-module.

Proof 1) The proof follows from Proposition 2.7 and Lemma 2.8.

ii) If R is a ZPI-ring, £ is a Dedekind domain for every prime ideal P of R (see [6, p. 205]).
Now the proof follows from part i). If R is an almost multiplication ring, then by Theorem 9.23
of [6], for every prime ideal P of R, Rp is a ZPI-ring. The result follows from Lemma 2.1 and
Corollary 2.2.

Recall that, if R is an integral domain with the quotient field K, then the rank of an R-
module M, which is written as rank M or rankp M, is the maximal number of elements of M
linearly independent over R (see, [7, p. 84]). Indeed rank M is equal to the dimension (rank)
of the vector space KM over the field K; i.e., rank M = rankx KM (see, [8, Lemma 2.12]).

The following theorem is a generalization of Proposition 1, of [9]:

Theorem 2.10 Let R be an integral domain, M an R-module, B a submodule of M and let
N be a prime submodule of M minimal over B. If (N : M) =0, then ht N = rank B.

Proof Let K be the quotient field of R. Since N is a prime submodule of M minimal over
B, and (N : M) = 0, then by Lemma 2.1, KN is a minimal prime submodule (subspace)
of the K-module (vector space) KM over the submodule (subspace) KB. It is easy to see
that in a vector space every proper subspace is prime, then since K B itself is prime, we have
KB = KN. So by Corollary 2.2, htg N = htx KN = htx K B. Again since in a vector space
every proper subspace is prime, then obviously htx KB = rankyxg KB. Also we know that
rankyg KB = rankg B, thus ht N = rank B.

3 Prime Submodules in Free Modules

Lemma 3.1 Let M be an R-module, N a submodule of M, and (N : M) = P be a prime ideal
of R. Then N is a prime submodule of M if and only if % s a torsion-free %—module,

Proof The proof is clear (see [1, Theorem 1]).

Proposition 3.2 If R is a ring, P is a prime ideal of R, and F = ®;c;R, then a proper
submodule N = ®;c1J;, is a P-prime submodule of F' if and only if, for eachi € I, J; = P or
Ji = R.
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Proof Suppose that N;e; J; = L, where L is a prime ideal of R. It is easy to see that (N :

_ . F _ ®ieiR o~ . R F ion- E_ i i
F)= L Since % T = @ier g, then £ is a torsion-free 7-module if and only if, for each

i € I, &£ is a torsion-free %—module This is equivalent to saying that J; = L or J; = R, for
each @ E I. Otherwise, if J; # L and J; # R, for some ¢ € I, then since L C J;, let r € J; — L,
and t € R — J;. Now we have (r + L)(t+ J;) =rt+J; =0,r+ L #0, and t + J; # 0.

Now let NV be a P-prime submodule. By Lemma 3.1, % is a torsion-free %—module. So, by
the above paragraph for each i € I, J; = P or J; = R.

Conversely, suppose that, for each i € I, J; = P or J; = R. Since N is a proper submodule
of F, then for at least one iy € I, we have J;, # R. This means that .J;;, = P, and therefore
(N : F) =Njer J; = P, which is a prime ideal of R. Since, for each i € I, J; = P or J; = R,
then obviously, for each i € I, % is a torsion-free %—module and by the first paragraph % is a

torsion-free %—module. Thus by Lemma 3.1, N is a prime submodule of F.

Note A similar proof to that of Proposition 3.2, shows that:

If Ris aring, P is a prime ideal of R and I = [],.; R, then a proper submodule N = [[,.; Ji
is a P-prime submodule of F' if and only if for each z el, J;j=Por J;,=R.

If N1 and Ny are prime submodules of a module M such that Ny C Ny and there does
not exist any prime submodule of M strictly between N7 and N, then we say that the chain
N C Ns is saturated .

Theorem 3.3 Let F be a free R-module of finite rank with a basis {x1,22,..., 2} and P be
a prime ideal of R. Then:

i) For each integer k, 0 < k <n—1, N(k, P) = Zle Rx; + Y7 1 Py, is a P-prime
submodule of F, and htp N(k,P) =k

i) For each integer k, 1 <k <n —1, the chain N(k—1,P) C N(k, P) is saturated,

iii) If Py C Py is a chain of prime ideals of R, then for each integer k, 0 < k <n—1, there
is no Py-prime submodule of F' strictly between N(k,Py) and N(k, P3),

iv) If Py C Py is a saturated chain of prime ideals of R, such that Py is a principal ideal of
R and N} P = 0, then for each integer k, 0 < k < n — 1, the chain N(k,P,) C N(k, P») is
saturated,

v) For each integer k, 0 <k <n—1, ht N(k,P) > k+ht P.

Proof i) Put (&f_,R) & (&7, ,,P) = Ti. Obviously, F = R™ = & | R, and N(k, P) = T}.
So, by Proposition 3.2, N(k, P) is a P-prime submodule of F. Evidently, htp N(k, P) = htp T}.
It is easy to see that N1 C Ny C--- C Ny, C Ty is a chain of P-prime submodules of R(") if and

only if pg(lm C PR("> Cc---C PZI\Q(“) - PRIE”) is a chain of prime bubmodule? of £ PR<n> as an %
(n) T, -R(™)
module. So, htp T}, = ht PR(") On the other hand (PR("> : PRR(n)) = { b ) = . Therefore
by Theorem 2.10, we have ht PR(") rank% PR("> One can easily see that PR(") =~k | P as
R
an p-module, hence rank% PR(”) =k.

ii) Let @ be a prime submodule of F' strictly between N(k —1, P) and N (k, P). By part i),
N(k—1,P) and N(k, P) are P-prime submodules of F, and since N(k—1,P) C Q C N(k, P),
then P = (N(k—1,P): F) C (Q : F) C (N(k,P) : F) = P. This shows that Q is a P-prime
submodule of F. So, the chain PF' = N(0,P) C N(1,P)C---CN(k—1,P)CQ C N(k,P)is
a chain of P-prime submodules of F. This is a contradiction, since, by part i), htp N(k, P) = k.

iii) Let @ be a Py-prime submodule of F' between N(k, P1) and N(k, Py). Without loss of
generality we can assume that ' = R, N(k,P1) = (&}, R) & (&_,,,P1), and N(k, P;) =
(B R) & (&), P2). Let © = (x1,@2,..., Tk, Pkt1, Pht2s - - - - Pn) € N(k, P2). Then for each
i, k+1<1<n, p; € P,. We now show that = € Q.

Obviously, y = (21,22, ...,2,,0,0,...,0) € N(k, P1) C Q. Since (Q : F) = Py, then PoF C
@, and hence z = (0,0,...,0, pp+1, Pk+2,- -, Pn) = Pr+1(0,0,...,0,1,0,...,0)4+pr+2(0,0,...,0,
1,0,...,0) + -+ p,(0,0,---,0,1) € Q. Therefore, v =y + z € Q.
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iv) Let @ be a prime submodule of F' between N(k, P;) and N(k, P). Since N(k, P;) C
Q C N(k, Pg) then P = (N(k,P,): F) C(Q: F) C (N(k,P,): F)=P,. Hence (Q: F) = P,

or (Q:F) =

If (@ : F) Pg, then by part iii), we have Q@ = N(k, P2). Now let (Q : F') = P,. Without
loss of generality we can assume that F = R™, N(k,P) = (&% R) & (&7, P1), and
N(k,P) = (®¥_1R) ® (&1, ,P2). Suppose that = (x1,22,...,2,) € Q. We show that
x € N(k, P). Indeed, we will show that, for each 4,4 > k+ 1, z; = 0.

Obviously, we have y = (z1,22,...,2x,0,0,...,0) € N(k,P;) C Q and z = z —y =
(0,0,...,0,Zk41, Tkt ---,Zn) € Q C N(k, P2). So, for each i, k+1 < i <n, z; € P,. Assume
that, for every i satisfying in £k +1 < 7 < s, we have z; # 0, and, for every i satisfying
s+ 1 < i < n, we have z; = 0. Since N>, Py = 0, then, for each i, k + 1 < i < s, there
exists a natural number n; such that z; € Py — PQ’”‘H. Without loss of generality, we can
assume that ngi1 = min{n;, k + 1 < i < s}. Suppose P, = Rp. Let, for every i, k+ 1 <i < s,
x; = p™+it;. So, we have p™+1(0,0,...,0,t511,tk12,.--,t5,0,0,...,0) = z € @, and since
Q@ is a Pj-prime submodule, then (0,0,...,0,tky1,tg12,.-.,t5,0,0,...,0) € Q@ C N(k, Ps).
Consequently, t541 € P», which is a contradiction.

Note that in this case P; = 0. To prove this result, let w € P;. Thus, w = r1p, for some
r1 € R. Since p € Py, r1 € Py, and so 71 = rap for some ro € R. Therefore, w = rop? € P3. By
induction we can show that w € P3* for each m > 1. Hence, w € N1, Py = 0.

v) Let ht P=m,and Py C P, C P, C --- C P,, = P be a chain of prime ideals of R. By
Proposition 3.2, for each s, 0 < s <m, P, F (P F = @ | P,) is a prime submodule of F, and
by part i), the following is a chain of prime submodules of F' :

PRFCcPFCPRFC---CP,F=PFCN(1,P)CN(2,P)C---C N(k,P).
Hence ht N(k, P) > k + m.

Proposition 3.4 Let R be a principal ideal domain, F a free R-module of finite rank and N
a P-prime submodule of F. Then:

i) There exist a basis {x1,22,...,2n} of F and an integer k, 0 < k < n — 1, such that
N = N(k, P).

il) For each integer k, 0 < k <n — 1, the chain N(k,0) C N(k, P) is saturated.

iii) If P #0, then ht N(k, P) = k+1

iv) If P =0, then ht N(k, P) =
Proof i) If N = 0, then N = N(0,0). Now let N # 0. Since R is a principal ideal do-
main, there exist a basis {z1,22,...,2,} of F and also an integer d, 1 < d < n, such
that {riz1,72xa,...,rqxq} is a basis of N, where r; € R — {0}, and ry|ra|rs|---|rq. Let
(N : F) =P = Rp, where p is a prime element of R or p = 0.

First we let p be a prime element of R. Then pzx; € N for all i =1,2,...,n and therefore,
px; = rir;x; for some r; € R. Hence ry|p for alli =1, 2, ...,n. Consequently, r;, =1 orr, =p
(up to multiplication by a unit of R). Furthermore, since px,, € N, then in this case d = n. Let,
for each 4, 0 < i <k, r; =1 (up to multiplication by a unit of R), and for each i, k+1 <i <n,
r; = p. Then we have N = N(k, P).

Now let p = 0. Since r;z; € N and N is a prime submodule of F, then r; = 0, or x; € N.
Note that x; € N implies r; = 1. So, in this case, for each i, r; = 0, or r; = 1. Let, for each
1, 0<i<k,r;=1, and for each i, k+ 1 < i <d, r; = 0. Then we have N = N(k,0).

i) If P =0, obviously N(k,0) = N(k, P). Solet P # 0. Since R is a principal ideal domain,
then P is a principal ideal and ﬂj‘n‘fl Pj* =0, and hence we have the result by Theorem 3.3 iv).

iii) Let B=Y"_| Rx; + Pxyy, Then obviously, N(k,0) C B C N(k, P) = N. By part ii),
there is no prime submodule of F' between N(k,0) and N(k,P). So N is a minimal prime
submodule over B, and since R is a principal ideal domain, by Proposition 2.91), the GPIT
holds for F' over R, hence ht N < k+ 1. Also, by Theorem 3.3v), we have ht N > k + 1.
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iv) Evidently, rank N = k, and since N is a minimal prime submodule over itself, then by
Theorem 2.10, we have ht N = rank N = k.

Proposition 3.5 Let R be a principal ideal domain, F a free R-module of finite rank and N
a minimal prime submodule over a non-zero cyclic submodule B of F'. Then:

i) ht N =1.

ii) N =PF for some prime ideal P of R or N is a cyclic submodule.

Proof By Proposition 2.91), the GPIT holds for F over R. Hence ht N < 1, and since 0 is a
prime submodule, then, ht N = 1. Therefore, if (N : F') = 0, then the number & introduced in
Proposition 3.4iv), is 1. That is, N = N(1,0) = Rz;. Thus, N is a cyclic submodule.

If(N:F)#0,let (N:F)=P So,0C PF C N and we know that ht N = 1. Hence
N = PF.

References

(1] Lu, C. P.: Prime submodules of modules. Comment. Math. Univ. St. Paul, 33(1), 61-69 (1984)
[2] McCasland, R. L., Moore, M. E.: Prime submodules. Comm. Algebra, 20(6), 1803-1817 (1992)
[3] Lu, C. P.: Spectra of modules. Comm. Algebra, 23(10), 3741-3752 (1995)
[4] Marcelo, A., Masque, M.: Prime submodule, the descent invariant, and module of finite length. Journal of
Algebra, 189, 273-293 (1997)
[5] George, A. M., McCasland, R. L., Smith, P. F.: A principal ideal theorem analogue for modules over
commutative rings. Comm. Algebra, 22, 2083-2099 (1994)
[6] Larsen, M. D., McCarthy, P. J.: Multiplicative theory of ideals, Academic press, Inc., New York, 1971
[7] Matsumura, H.: Commutative ring theory, Cambridge University Press, Cambridge, 1992
[8] Azizi, A.: Intersectin of prime submodules and dimension of modules. Acta Math. Scientia, 25B(3),
385-394 (2005)
[9] Azizi, A., Sharif, H.: On prime submodules. Honam Mathematical Journal, 21(1), 1-12 (1999)
[10] Azizi, A.: Weak multiplication modules. Czech Mathematical Journal, 53(128), 529-534 (2003)
[11] Sharp, R. Y.: Steps in Commutative Algebra, Cambridge University Press, Cambridge, 1990



