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Abstract In this paper, we study the extension of isometries between the unit spheres of some Banach
spaces E and the spaces C(Q2). We obtain that if the set sm.S1(E) of all smooth points of the unit
sphere S1(F) is dense in S1(F), then under some condition, every surjective isometry Vp from Si(E)
onto S1(C(£2)) can be extended to be a real linearly isometric map V of E onto C(2). From this result
we also obtain some corollaries. This is the first time we study this problem on different typical spaces,
and the method of proof is also very different too.
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In [1], Tingley proposed the following problem:

“Let E and F be real normed spaces with unit spheres S;(FE) and Si(F). Suppose that
T : 51 (F) — S1(F) is an onto-isometry. Is T necessarily the restriction to Si(E) of a linear, or
affine, transformation on E ?” (In the complex spaces, it is evident that the answer is negative,
for example, when we take E = F = C(complex plane) and T'(z) = T).

And in his paper, he only got an affirmative answer to the assertion T'(—z) = —T(z)
(Vz € S1(FE)) when the spaces are finitely dimensional. In [2], the above conclusion was also
obtained when the spaces are any “strictly convex” Banach spaces.

In [3] and [4], Tingley’s problem was affirmatively answered (i.e. the surjective isometry
Vo : S1(E) — S1(F) can be extended to be a linear map V on E) on the spaces Cy(Q2) (where
Q is a locally compact Hausdorff space which has at least two points, and for each z € Cy(Q)
the set {t||z(t)| > a,t € Q} is compact as a > 0) and on the aton-generating spaces AL, (i.e.
abstract L, spaces) (1 < p < oo, p # 2).

In [5-9], some affirmative results were obtained, especially for the isometries on the unit
spheres of the I!-sum of Cy(£, E) and [P-sum of Cy((2, E) (where, E satisfies some conditions).
And in [10], the affirmative result was also obtained for the unit spheres of some subspaces of
LY(Q, X) (where, X is a strictly convex space).

In this paper, we shall consider the above problem on some surjective isometry from S;(FE)

onto S1(C(€)) for some normed spaces E whose “smooth points” of the unit sphere sm.[S1 (F)]

Received June 5, 2000, Accepted September 30, 2000
The research is supported by National Natural Foundation of China (10271060) and RFDP (20010055013)



794 Ding G. G.

are dense in S7(F). This is the first time we study this problem on different typical spaces,
and the method of proof is also very different too. And we can consider the problem on real or

complex spaces.
First we introduce a lemma which is the generalization of Lemma 9.4.6 in [11]. (Notice that
there is some mistake there, the conclusion of that lemma is valid only for real spaces. The

counter-example can be taken for X =Y = C(complex plane) and U(z) = 7).

Lemma Let Vy be an isometric map from the unit sphere S1(E) of E into the unit sphere
S1(F) of F (where E and F are real normed spaces), xg € sm.[S1(E)] and g € F* be some
continuous linear functional of norm one such that g[Vo(£xo)] = +£ ||xol|(= £1). If for every
x € S1(E) we have

Vo(z) = [AVo(£a0)[| < [lz = [Al(£20)[l, VA€ R, (%)

then g(Vo(x)) = fuo (), x € S1(E) (where fy,is the support functional at x¢ in the unit ball of

Proof Suppose that for z1 € S1(E), g[Vo(x1)] # fuo(z1)- Let o = g[Vp(z1)]. Then we have
fao (21 — axg) # 0. By Lemma 9.4.5 in [11], there exists a real y such that

lzo + v(z1 — azo)|| < |||l (it is evident that v # 0).
Let us put 8 = 1/7; then the above implies
lz1 = (a = B)zol| < [|Bzoll = |5]-

By the hypothesis of the lemma, and from the above inequality we can get:
If « — 8 =0, then we obtain

18] = laf = lg(Vo(z))] < [Vo(z)l| = lla1]] = 21 = (a = B)aol| < [|Bxoll = 6],

which leads to a contradiction.
And if o — 8 # 0 then we obtain

18] = la — (a— )| = ’g(Vo(wl)) —la=5l-g [VO (%xo)] ’

‘g[vo(xl)|aﬁ|~%(|z_§|xo)ﬂg]mxl>|a 8- vo(| e )H

—la 5I(| 3" ) = llz1 = (o = B)zoll < |Bzoll = 161,

which leads to a contradiction too. Thus we complete the proof.

<

The main theorem is as follows:

Theorem 1 Let E be a normed space, the subset sm.[S1(E)] of the smooth points of the unit

sphere of E be dense in its unit sphere S1(E), Vi be an isometric map from S1(E) onto the unit
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sphere S1(C(Q)) (where, 2 is a compact Hausdorff space). If for every x € S1(E) and zo €
sm.[S1(F)], we have

Vo(z) = A Vo(zo) | < llz = [Alzol[, VA ER.

Then Vy must uniquely have a real linearly isometric extension V' on the whole E. Moreover,

if we also have Vy(ix) = iVo(x) (in the case of complex spaces), then the above V' is linear.

Proof Let
x
| Vol — ), ifx#90,
vy = { 117 (557)
0, ifx=20.

Then, by the hypothesis that Vj is isometric on S;(F), we have
1V (1) = V@)l = llz1 — 22ll, iflza || = [lz2l]  (Vai, 22 € E). (1)
Since V(S1(E)) = S1(C(£2)), we have
V@) =zl (Vo € E) (2)

and
IV(aoz) — V(az)|| = (a0 — ) ||lz]] (V0<a<ay, x € E). (3)

We shall now prove the following two conclusions:

(i) For each x € E, if there exist tg € Q and 0y € C with |6g] = 1 such that 6V (cpx)(to) =
ag ||z||, then we assert that 6oV (ax)(tg) = a||z|| for each positive o with o < .

(ii) For each = € E, if there exist ty € Q and 6y € C with |fg| = 1 such that 6y[V(z) —
V(—x)](to) = ||V (x) — V(—2z)||, then we assert that 6oV (£z)(to) = £ ||z|.

In fact, to check (i) is easy. From (2) and (3) above, we have
Oo[V (aoz)(to) — V(ax)(to)] = ao ||| — OV (o) (to)
> ag ||z]| = [V (ax)[| = ao [lz]| - llaz]] = (a0 — o) ||z
and
Oo[V (a0z)(to) — V(ax)(to)] < [[V(aoz) — V(ax)|| = (a0 — ) [|2]-
So we get that 6V (ax)(to) = a |||

To check (ii), by (1), we have

V(z) = V(=2)|| = [l = (=) || = 2],

and by (2), we have
|90V(i$)(t0)

< V()| = [l=[| -

Noticing the hypothesis in (ii), the two relations above imply

|00V (£)(to)| = |||
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If ||z]| # 0, and there exists 6, € C with |61] = 1 such that 6100V (x)(to) = ||z||, then we
have, by the hypothesis of (ii), that

X V —V(i—=x =
Hence we have

1
9_ —
‘ 61

el < [V(=2)l = I==] = [l=],

and we get

<1

9 1
0.~

Notice that for each § € C with |§] = 1 and 6 # 1 it must be true that |2 — 6| > 1. Thus
we obtain from the above inequality that 6; = 1, i.e. 8oV (x)(to) = ||z||. We can also get that
6oV (—z)(to) = — ||z|| by the same method of proof.

By (i) and (ii) above, we can get that for each x € E there exist a sequence {t,}C Q and a
sequence {60, }C C with |6, | = 1 such that for every A € R, if |A\] < nj(€ N) then we have

0,V (Ax)(t,) = A|z||, Vn >n;. (4)

From the compactness of 2 and the unit sphere of C, the sequences {t,,} and {6, } have the
cluster points ¢, € Q and 6, with |6,| = 1, respectively. Hence, by the continuity of V(A\x), we
have 0,V (Ax)(t;) = \||z|| (notice that the ¢, and 6, are both independent of A from the above
relations (i) and (ii)).

That is, we obtain
0.0:,[V(Az)] = A|z]|, YAER, (Vo e k) (5)

(where 0, € C(Q)* and d;, (y) = y(tz), Yy € C(Q)).

In the case of complex spaces, we can consider them as the linear spaces over reals (notice
that the set of all smooth points sm.S; (E) remains unchanged). Since 0,.6;, € C (Q)*, when we
see C' () as areal space, the rel.(6,0;, ) (the real part of the functional 6,6, ) is a continuous real
linear functional of norm one on C (2). Notice that if 2y € sm.S;(E), then the corresponding
go = rel.(6,,0¢, ) also satisfies the above (5). By the above lemma, we can obtain that for each
smooth point z( in the unit sphere S;(FE), there exists a unique real f,, € E*, which is the
“support functional” at g (i.e., || fao || = 1 and fu,(x0) = ||zo]|) such that rel.(6,6;,) oV = fu,.
That is, for each smooth point (element) z¢ € S1(E), there exists a point ¢, € 2 such that
[V (2)](ty,) is real linear for all z € E.

Since [V (z)](t) is continuous on £, in order to prove that V is real linear it is enough that
the above subset {ty,|zo € sm.S1(E)} is dense in 2. We shall now prove this as follows.

For every t; € 2 and each open neighborhood Uy, of ¢1, there exists an open neighborhood
V;,of t; such that V;, C Uy,, since the compact  is a regular topological space. By Uryson’s
lemma (noticing 2 is also a normal topological space), we can get a continuous function y ()
on {2 such that

Ok =1, @l =0, and )] <1, Ve,
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By the hypothesis that Vp is a surjective isometry from Si(E) onto S1(C(2)), there exists
a unique element z; € S1(F) such that V(zy) = Vy(x1) = yi. Since the hypothesis that
sm.S1(E) = S1(E) and V is a continuous and there is a “one to one” map from S;(E) onto
S51[C(92)], we have

Vism.S1(E)] = Vism.S1(E)] = V[S1(E)] = S1[C(9Q)].
Hence, for y; € S1[C(€2)] and some € € (0,1), there exists zy € sm.S;(F), such that
V(o) —wll <e.

Thus we get
V(o)) < [y1(t)| +e=0+c=¢, VteUs.

Noticing that ||V (zo)|| = ||zo]| = 1, the above inequality implies that the corresponding point
t., which satisfies the above (5) must be in the neighborhood Uy, of ¢;. Hence the above subset
{tzo|zo € sm.S1(E)} is dense in Q and V(zx) is real linear on E. Thus V is an isometry of F
onto C(€2) by the above (2), and is linear by the hypothesis of Vy(iz) = iVp(z) (in the case of

complex spaces).

Remark 1 In the above proof, the relation (5) can be obtained easily by using the positive-
homogeneity of V(z). However, the advantage of the above proof is that it is also valid for any

non-linear isometry.

Remark 2 Let V be a non-linear isometry of a normed space E into C(£2) (where Q is a
compact Hausdorff space). If we take g = rel.(0y, Jtzo) in the proof of Theorem 1, the above
lemma is still valid without the condition (x) by the relation (5). Therefore, we can get the

following proposition from the proof of Theorem 1.

Proposition Let V' be a (non-linear) isometry of a normed space E into C(Q) with V(0) = 6.
Then, for each smooth point xo of the unit sphere S1(FE), there exists a point t,, € ) such that

[V(2)|(tz,) is the real linear functional f, (where fz, is the “support functional” at xg).
Now we give some corollaries, as follows:

Corollary 1 If E = LY(Q,p) (where (Q, ) is “o-finite”) in Theorem 1 above, then the

conclusion of Theorem 1 is valid.

Proof 1In this case, we have that (L'(£2, u))* = L> (£, u), and we can get (see, for example, p.
170 in [12])

2o € sm.[S1(LN(Q, )] & p({t|zo(t) = 0}) =0, Vag € LH(Q, p).

Hence it is easy to verify that sm.[S1(L1(Q, u))] = S1(LY(Q, w)).

Corollary 2 If we put E = C(Q1) (where Q4 is compact Hausdorff space) or E = [ in
Theorem 1, then the conclusion of Theorem 1 is still valid. In particular (for real spaces), the
isometry Vo from the unit sphere S1(C(S2)) onto itself must have a linearly isometric extension

V' on the whole space C(QY), and so is the space [*°.
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Proof In C(94) we have that zo € sm.[S1(21)] & =z is a “peak function” on ©Q; (Vzo €
X(Q1)), (where xg is called a peak function if there exists only one point ¢y € €; such that
|zo(to)| = ||lzol|) [12]. Hence it is easy to verify that sm.[S; ()] = S1(Q1).

And if E = [*°, we notice only that [* = C(B(N)) (where, 3(N) is the Stone-Cech
compactification of N, see, for example, p. 113 in [12]), then we can get the conclusion from

the above statement.

Corollary 3 If E is a separable or reflerive Banach space, then the conclusion of the above

Theorem 1 is valid.

Proof By the Mazur density theorem (see, for example, p. 171 in [12]), we have that if F is a
separable Banach space then sm.[S;(E)] is a residual subset of S1(F), and the above conclusion
is also valid if E is a reflexive Banach space (see, p. 172 in [12]). Hence this completes the

proof.

Corollary 4 If FE is a Larman—Phelps space (i.e. the GDS), in particular, if E is a weak-

Asplund space, then the conclusion of the above Theorem 1 is valid.

Proof We notice only that the Larman—Phelps space is a Banach space which satisfies that ev-
ery continuous convex function defined on an open convex subset of E is Gateaux-differentiable
in a dense subset of its domain, the w-Asplund space is the above space in which the above
function must be Gateaux-differentiable in a dense Gs-set in its domain [13]. Moreover, ||z|| is
Gateaux-differentiable at xg € S1(F) < x¢ is a smooth point in S1(E) [13, 14].

Corollary 5 If E is a WCG (weakly compactly generated) space, in particular, if E is the

space co(I") (where ' is any index set), then the conclusion of the above Theorem 1 is valid.

Proof It is enough to notice that each WCG space is a w-Asplund space [13] and the above
co(T") is a WCG space (see, for example, p. 143 in [14]) (in fact, the ¢o(T") is an Asplund space
since (co(T))* = 11 (T") has Radon—Nikodym property [13]).

At the end of this paper, by the same method of proof in Theorem 1 above, we can get the

following theorem:

Theorem 2 In Theorem 1, if we replace C'(2) with cy, then the conclusion of Theorem 1

above is valid.

Proof We notice only that, in the space ¢, if 0 # x € ¢g and x = {x(k)} then there is k, € N
such that |z(k;)| = ||«||. Hence, by the same method of proof as in Theorem 1, there exist
a sequence {k,} C N and a sequence {6,} C C with |#,| = 1 such that for each A € R, if
|A] < ny (€ N) then we have

Since V(Az)(k) — 0 as k — 0, we can get a k, € N and 0, € C with |6,| = 1 such that

0,V (\z)(ks) = M|z (VA € R, Vx € E).
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Using the proof of Theorem 1 as well as the above Lemma, we know that for each smooth
point (element) zo € S1(F), there exists a natural number k,, € N such that the coordinate
[V (z)](ks,) is real linear for all z € E.

In order to prove that V is real linear it is enough that the above subset {ks,|zo €
sm.S1(E)} = N. We shall now prove this as follows:

For each k1 € N, we take the element e;, = (0,...,0,1,0,...) (where the k;-th coordinate is
1). For the element ey, and some ¢ € (0, 1), by the same deduction which was used in Theorem

1 above, there exists z¢ € sm.S;(F), such that
IV (o) — e[| <&,
which implies
[V(zo) (k)| < lex, (k)| +e=0+e=e<1, Vk=#Fk.

Noticing that |V (zo)|| = ||zo]] = 1, the above inequality implies that k3 = k;,. Thus we
complete the proof.
Finally, we can immediately get the following corollary from Theorem 2 above:

Corollary 6 Let Vi be an isometric map from the unit sphere Si(co) of co onto itself. If for

every x € S1(cp), and xg € sm.[S1(co)], we have

Vo(z) = A Vo(zo)ll < llz = [Al (zo)[, VA€ R,
then Vo must have a real linear isometric extension V on the whole space cyg. Moreover, if we
also have Vy(ix) = iVy(z) (in the case of complex spaces), then V above is linear.

Remark There are some examples to show that a mapping V; from the unit sphere S1(F) to
the unit sphere S7(E;) does not need to be an isometry even if Vj is continuous and bijective.
For example (like an example which was made by Wang Risheng), in the real space C(a,b), we
define the map Vp on the unit sphere S;(C(a,b)) as follows:

1
Vo(z) = o(t) + g sin[2m - z(t)], Vz =z(t) € S1(C(a,b)).
T
Notice that the real function v(§) = £ 4 3= sin(2n¢) satisfies that

V(&) =1+ ;—: cos(2m€) >0, V¢ €R.

Hence, v(€) is a “one to one” and strictly increasing function, and we obtain that Vj is a
bijective map from S7(C/(a,b)) onto itself since v(+1) = £1. But Vj is not isometric and the
following mapping V :
t
V(z) = |z HT <Hx_H> H e . {% : @} , Vo =x(t) € Cla,b)
x

3m ]

(where, we define that V(z) = 0, if = ), is not a linearly isometric map of x on the space

C(a,b).
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