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Abstract The purpose of this paper is to give characterizations of relative covers and
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0 ��
� RHL�M H R-���	��� i)
 0 →M

φ→E �I�� E �
�� φ : M → E �
�
	
��c� Imφ� E �
� �� ii) 
 P

φ→M → 0�I�� P B
�� φ : P →M

�B
����c� Kerφ � P ��z ���y R- �r C, ��!"hf� C- ��� C-
	
!t�����dg (�ZJR [1–13]). g�#��K�h���C 0 → M

φ→E (P
E

φ→M → 0) �I�� E ∈ C, H� φ H C- 	
 (P C- ��)? 
J$f�z%�K��W�
C &o'N���J()�t� (1) 
 E

φ→M → 0 �I��( E ∈ C �� M w C- ����
φ : E → M � C- ����c� Kerφ � C- �
����	E E ��H�w*GW� (2) 
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0 →M
φ→F �I��( F ∈ C �� M w C- 	
�� φ : M → F � C-	
��c� Cokφ�

C- B
����y$A% π : F → Cokφ R�g A% p : Cokφ→ N , 
 pπ mv�� N = 0.
!H&'()�J(!"tB
����
	
�ZnK�.J��y/ R- �#$�g�%
& #$ C, L')�t�
w�Iu 0 → A→ B → C → 0, �( A G C (w C- ���� B

w C- *���!HDz�L')"��y�lL R, �C 0 → A→ B → C → 0 �I�� A G
C (w+,���� B k��*Dz+dtJR [13] (,s 2.3.

1 0123
HJJ-f�
-a.U�h�./�
J( R 4w/I0�0IL�	w�k4/v�� R-Mod 11/ R- �#$� C 11

R-Mod �g� r�
(1) ���	
�� M � R- ��
2& E ∈ C RA% φ : E →M 2)��l E′ ∈ C R

�lA% f : E′ →M , 2&A% g : E′ → E  5 φg = f , �3 φ : E →M H M �g� C- *
���
Mf3 5 φg = φ �A% g 64� E �#A4��3 φ � M � C- ��� C-(*)
	
m�5,m��ZJR [1, 6]. jZ� C- ��� C- 	
&A4�lmN�Gg���C C
�gY6���r���7� C �+,�r�� C-(*) ��Y3H+, (*) ���r85�
C-(*) 	
Y3H+, (*) 	
�

(2) %&#$�9%&#$�� C H R-Mod �g� #$��C C  5� (a) &o'N
���T��g�Iu 0 → C′ → C → C′′ → 0, 
 C′, C′′ ∈ C, kw C ∈ C, (b) Ay A%�
F���T��g�Iu 0 → C′ → C → C′′ → 0, 
 C,C′′ ∈ C, � C′ ∈ C, (c) 	E	wB

���3 C H%&#$ (resolving category). �C R-Mod � #$ C  5� (a) &o'N�
�� (b) Ay/A%�9F���T
 0 → C′ → C → C′′ → 0 �I� C′, C ∈ C, � C′′ ∈ C,
(c) 	E	w�
 R- ���3 C H9%&#$ (coresolving category), �ZJR [1].

(3) T�+,:�� T H R-Mod � r�� 0 ∈ T , M H R- ��
2& M �wS;6
 � M ′ 2) M/M ′ ∈ T , �3 M H T - wS;6��
2&wS;6#u� F R T - wS;
6� K 2) 0 → K → F →M → 0 H�Iu��3 M H T - wS1Q��
��g T - wS
1Q� P R�gA% f : P →M , f mi<Dg�wS;6#u�%&�T2&wS;6#u
� F RA% g : P → F G h : F →M 2) f = hg, �3 M H T - +,��P��� T = {0}
�� M � T - +,���c� M �+,��VZJR [4, 5].

2 B789
Ht=>$f0C�?OodN>,m�
:; � C H R-Mod �g� r� M H R- ���C��H C ∈ C w Ext 1

R(C,M) = 0
(Ext 1

R(M,C) = 0), �3 M H C- �
� (C- B
�).
Q&q)�
:< 1 � C � R-Mod �g� r��&o'N��� M H R- ���C E

φ→M → 0
�I� E ∈ C �� M w C- ���� φ : E →M � C- ����c� Kerφ � C- �
���
�	E E ��H�w*GW�

=> 7f:�uJR [10] @� 2(3) � Kerφ ��	E E ��H�w*GW�N) Kerφ
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� C- �
��
� S � R- � N � ��� N/S ∈ C. 6f)��gA% f : S → Kerφ mieEHA

% g : N → Kerφ. x i : S → N G j : Kerφ → E H	Er
�L'mi4? jf : S → E �
i : S → N �D" (pushout) �N�x D = (E ⊕N)/K, �(

K = {(jf(s),−i(s)) | s ∈ S} = {(f(s),−s) | s ∈ S}.

,m γ : E → D G δ : N → D H�

γ(x) = (x, 0) +K, ∀x ∈ E,

δ(n) = (0, n) +K, ∀n ∈ N.

� D H jf � i �D"�n@w�N\�ImNC
0 → S

i→ N → N/S → 0

jf


�



�δ

∥
∥
∥

0 → E
γ→ D → N/S → 0

C 1

nH E G N/S & C (�	iuW�� D k& C (�Q&,m ψ : D →M �N�

ψ((x, n) +K) = φ(x), ∀(x, n) ∈ E ⊕N.


 (x, n) ∈ K, �2& s ∈ S 2)

(x, n) = (f(s),−s).

n@ x = f(s), OX φ(x) = φf(s) = 0. %h�7 ψ �F_`,��X�

ψγ(x) = ψ((x, 0) +K) = φ(x), ∀x ∈ E,

T ψγ = φ. [�� φ : E →M � C- ���	i2& ξ : D → E 2) φξ = ψ. y� φ = φ(ξγ),
OX ξγ �A4�� h � ξγ �p��

hξγ = ξγh = 1E .

n@

x = hξγ(x) = hξ((x, 0) +K), ∀x ∈ E

��

φ(hξδ)(n) = φ(ξγ)(hξδ)(n) = φ ξδ(n) = ψδ(n) = ψ((0, n) +K) = φ(0) = 0, ∀n ∈ N.

	i Im (hξδ) ⊆ Kerφ. Q&,m g : N → Kerφ H�

g(n) = hξδ(n), ∀n ∈ N.

�
gi(s) = g(s) = hξδ(s) = hξ((0, s) +K) = hξ((f(s), 0) +K) = f(s), ∀s ∈ S,

T f = gi. u@mZ Kerφ � C- �
��
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\%:�nH Kerφ � C- �
���w�Iu 0 → Kerφ → E → M → 0, 	i���H
E′ ∈ C, w�Iu Hom (E′, E) → Hom (E′,M) → 0. n@� φ : E → M �g� C- *���u
W��M w C- �� ψ : E′ →M . y�2& f : E → E′ G g : E′ → E 2) φ = ψf � ψ = φg.
n@ ψ = ψ(fg), OX fg �A4�	i E = Ker f ⊕ Im g. @l] φ = ψf , OX Ker f ⊆ Kerφ.
uW�� Ker f = 0. 	i� f : E → E′ �A4�OX φ : E →M � C- ���

N>Dz!"t&F_L9B
���ZnK�
C[ 1 � R H/F_L� P

φ→M → 0 �I�� P B
�� φ : P → M HB
���
�c� Kerφ �	E P ��w*GW�

:< 2 � C � R-Mod �g� r��&o'N��� M H R- ���C 0 → M
φ→F

�I� F ∈ C �� M w C- 	
��Nu^>_X
(1) φ : M → F � C- 	
�
(2) Cokφ � C- B
�����y$A% π : F → Cokφ R�g A% p : Cokφ→ N , �

C pπ mv�� N = 0.
=> (1) ⇒ (2). ?O)� Cokφ� C-B
��� q : B → C H A%2) A = Ker q ∈ C.

6f)��gA% f : Cokφ → C, 2& g : Cokφ → B 2) f = qg. H@�L'4? p1 = fπ

� q �pO (pullback) �N�x

D = {(x, b) ∈ F ⊕B | p1(x) = q(b)}.

,m γ : D → F G δ : D → B 2)�

γ(x, b) = x, ∀(x, b) ∈ D,

δ(x, b) = b, ∀(x, b) ∈ D,

� D H p1 � q �pO�y�w�N\�ImNC
0 → A → D

γ→ F → 0
∥
∥
∥



�δ



�p1

0 → A → B
q→ C → 0

C 2

nH A,F ∈ C, 	i D ∈ C. �y�l� x ∈ M , nH p1(φ(x)) = fπφ(x) = 0 = q(0), 	i
(φ(x), 0) ∈ D. ,m ψ : M → D 2)

ψ(x) = (φ(x), 0), ∀x ∈M.

jZ� φ = γψ. nH φ : M → F � C- 	
�	i2& ξ : F → D 2) ξφ = ψ. y��
φ = (γξ)φ, OX γξ �A4�Q,m g : Cokφ→ B �N�

g(y + Imφ) = δξ(γξ)−1(y), ∀y ∈ F.

�C� y + Imφ = 0, �2& z ∈M 2) y = φ(z). n@ ψ(z) = (φ(z), 0) = (y, 0). 	i�

δξ(γξ)−1(y) = δξ(γξ)−1φ(z) = δξφ(z) = δψ(z) = δ(y, 0) = 0.

%1� g �F_`,��X�

qg(y + Imφ) = qδξ(γξ)−1(y) = p1γξ(γξ)−1(y)



3� 8CE9:U;<=F>? 613

= p1(y) = fπ(y) = f(y + Imφ), ∀y ∈ F,

T f = qg. 	i� Cokφ � C- B
��
nH pπ : F → N mv�	i2& i : N → F 2) (pπ)i = 1N , OX F = Ker (pπ) ⊕ i(N).

y���y� x ∈M , w

φ(x) = y + i(n), �( y ∈ Ker (pπ), n ∈ N.

OX

0 = pπφ(x) = pπ(y + i(n)) = (pπ)i(n) = n,

{ φ(x) = y ∈ Ker (pπ). � p2 : F → Ker (pπ) HB
� λ : Ker (pπ) → F Hs���
λp2φ(x) = λp2(y) = λ(y) = y = φ(x), ∀x ∈M,

T λp2φ = φ. uy φ � C- 	
�	i λp2 �A4�OX N = 0.
(2) ⇒ (1). nH Cokφ � C- B
��	i φ : M → F � C- *	
�uW��M w C- 	


 ψ : M → Q. y�2& g : F → Q R h : Q→ F 2) ψ = gφ �� φ = hψ. n@ ψ = (gh)ψ,
OX gh �A4�Q,m p : Cokφ→ Ker g 2)

p(y + Imφ) = y − h(gh)−1g(y), ∀y ∈ F.


 y ∈ Imφ, �2& z ∈M 2) y = φ(z), OX

h(gh)−1g(y) = h(gh)−1gφ(z) = h(gh)−1ψ(z) = hψ(z) = φ(z) = y.

%1� p �F_`,��
 x ∈ Ker g, � g(x) = 0, OX p(x+ Imφ) = x, { p � A%��
i : Ker g → F H	Er
��

(pπ)i(x) = pπ(x) = p(x+ Imφ) = x, ∀x ∈ Ker g,

T (pπ)i = 1Ker g. u (2) � Ker g = 0, { g H/A%�y� g HA4�OX φ : M → F � C-
	
�

&,s 2 (x C H�
�r��wN>Ay�
	
�ZnK�
C[ 2 � F H�
��� 0 →M

φ→F �I��Nu^>_X�
(1) φ : M → F ��
	
�

(2) �y$A% π : F → Cokφ R�g A% p : Cokφ→ N , 
 pπ mv�� N = 0.
Nx�os�P���L'y{�)��
\< 1 � C H R-Mod �g�%& #$� D H R- ��
 Ext 1

R(C,D) = 0, ∀C ∈ C, �
Ext n

R(C,D) = 0, ∀C ∈ C R n ≥ 1.
:< 3 � R H�lL� C H R-Mod �g�%& #$�
 0 → A → B → C → 0 �

I��( A G C (w C- ���� B w C- *���
=> nH C 	E	wB
��	iy� C-(*) ��� A%�� f1 : C1 → A R f3 :

C3 → C H C- ����u
C3


�f3

B → C
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�pOC)�N�ImNC
0 → A → D → C3 → 0

∥
∥
∥



�



�f3

0 → A → B → C → 0


�



�

0 0

C 3

u,s 1 �� Ker (f1) � C- �
��T

Ext 1
R(C,Ker (f1)) = 0, ∀C ∈ C,

{uos 1 ��
Ext 2

R(C,Ker (f1)) = 0, ∀C ∈ C.

y�A% f1 : C1 → A x}tA4 Ext 1
R(C3, C1) ∼= Ext 1

R(C3, A). n@uJR [14] os 7.18 R
,s 7.19 �2&�N�ImNC

0


�

Ker (f1)


�

0 → C1 → C2 → C3 → 0


�f1



�

∥
∥
∥

0 → A → D → C3 → 0


�



�

0 0

C 4

u@~;�ImNC
0 0 0


�



�



�

0 → Ker (f1) → Ker (f2) → Ker (f3) → 0


�



�



�

0 → C1 → C2 → C3 → 0


�f1



�f2



�f3

0 → A → B → C → 0


�



�



�

0 0 0

C 5
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nH C &o'N���	i C2 ∈ C. jZ� Ker (f2) � C- �
��{ f2 : C2 → B � B � C-
*���

!Hps�� C H T - +,�r��w
\< 2 � T H R-Mod � r� 0 ∈ T . �C C � T - +, R- �r�� C � R-Mod �

%& #$�
=> jZ�6-)� C &o'N���
� 0 →M ′ α→M

β→M ′′ → 0 �I�� M ′,M ′′ (� T - +,��N) M � T - +,���
y� T - wS1Q R- � P R�gA% f : P →M , � βf ∈ Hom R(P,M ′′). uy M ′′ � T - +
,��{2&wS;6#u� F ′′ RA% g′′ : P → F ′′ G h′′ : F ′′ → M ′′ 2) βf = h′′g′′. n
H F ′′ �B
��	i2& φ : F ′′ →M 2) βφ = h′′. n@

β(f − φg′′) = βf − βφg′′ = βf − h′′g′′ = 0,

T Im (f−φg′′) ⊆ Ker β = Imα. {��y� x ∈ P ,2&Gg� y ∈M ′ 2) (f−φg′′)(x) = α(y),
OXm,mA% ψ : P → M ′ 2 ψ(x) = y. nH M ′ � T - +,��{2&wS;6#u� F ′

RA% g′ : P → F ′ G h′ : F ′ →M ′ 2) ψ = h′g′. n@

αh′g′(x) = αψ(x) = α(y) = (f − φg′′)(x), ∀x ∈ P,

T f = αh′g′ + φg′′. ,m g : P → F ′ ⊕ F ′′ G h : F ′ ⊕ F ′′ →M �N�

g(x) = (g′(x), g′′(x)), ∀x ∈ P,

h(u, v) = αh′(u) + φ(v), ∀(u, v) ∈ F ′ ⊕ F ′′.

jZ f = hg, OX M � T - +,��
u,s 3 Ros 2 )
C[ 3 � T H R-Mod �g� r� 0 ∈ T . �C 0 → A → B → C → 0 �I� A,C (

w T - +,���� B w T - +,*���
uJR [6] ,s 3.1 ��
g� R- �w+,*����*�w+,���n@�&Dz 3

(x T = {0} )
C[ 4 � R H�lL�� 0 → A → B → C → 0 �I��C A G C w+,���� B

k��
C *Dz{�tJR [13] ,s 2.3 (�i:�W��
�55�L'mi)�
:< 4 � R H�lL� C H R-Mod �g�9%& #$�
 0 → A → B → C → 0 �

I��( A G C (w C- 	
�� B w C- *	
�
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